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ABSTRACT. Let L be a finite-dimensional simple Lie algebra over an
algebraically closed field of characteristic p > 7. Let H be a Cartan subal-
gebra of L, let L = H + 3 ¢rL, be the Cartan decomposition of L with
respect to H, and let H be the restricted subalgebra of Der L generated by
ad H. Let T denote the maximal torus of H and I denote the nil radical of
H.Then H = T + I. Consequently, each y € T is a linear function on H.

Let L be a finite-dimensional simple Lie algebra over an algebraically
closed field F. Let H be a Cartan subalgebra of L and let L = H + 2 _¢rL,
be the Cartan decomposition of L with respect to H. The main results on the
structure of H, that H is abelian and that ad 4 is semisimple for each 4 € H,
which hold when F is of characteristic zero are known [3, Satz 12] to fail
‘when F is of prime characteristic. The resulting lack of information about the
structure of H has been a severe handicap in the development of structure
and classification theory for finite-dimensional simple Lie algebras of prime
characteristic.

In this paper we assume that F is of characteristic p > 7 and investigate the
structure of H, the restricted subalgebra of Der L generated by ad H. Our
main result (Theorem 2.1) is that H = T + I where T is the maximal torus of
H and I is the nil radical of H. (See §1 for definitions.) An immediate
consequence (Corollary 2.2) is that each y €T is a linear function on H.
(Although in characteristic zero this is a trivial consequence of Lie’s Theorem,
the result is new in prime characteristic.)

This type of result was first proved by Schue [1] under the additional
hypotheses that dim T = 1 and that every proper subalgebra of L is solvable.

Our proof begins with Schue’s observation that if H # T + I then there
existsb € H,b & T + I'suchthatb”? € I and [b, H] C T + I. We then let

= {(r &) €T X T|y([¢[ Ly, L_,]]) *O)}.

Using Schue’s techniques we show (§3) that there exist a, 8 € T with (a, 8)
€ S and (B, a) € S. The argument then divides into two cases depending on
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whether or not there exists y € ' with (y, y) € S. We consider these two
cases separately (§84 and 5), showing that either one leads to a contradiction.

These results have been announced in [4].

1. Preliminaries.

(1.1) If K D L are Lie algebras let Ny (L) denote the normalizer of L in K
and let C(K) denote the center of X.

Let R be a restricted Lie algebra over a field F of characteristicp > 0. If X
is a subset of R let {X) denote the restricted subalgebra of R generated by X.
If X is a subalgebra then (X is clearly the F-span of {x?'|x € X, i > 0}.

(1.2) Following [2, Chapter V.7] or [1, §1] we say that x € R is semisimple if
x € {xP) and that x € R is nilpotent if x”" = 0 for some n. See also [5].

An ideal J C R is said to be nil if every x € J is nilpotent. It is easily seen
that a finite-dimensional restricted Lie algebra R contains a nil ideal 7 which
contains every nil ideal. We call I the nil radical of R. An abelian subalgebra
T C R is called a torus if every element of T is semisimple.

(1.3) PROPOSITION. Let R be a finite-dimensional restricted Lie algebra over a
perfect field F. Then:

() If x,y € R are nilpotent (respectively, semisimple) and [x,y] = 0 then
every element of {{x, y}) is nilpotent (respectively, semisimple).

@ii) If x € R then there exist x,, x, € (x) such that x, is semisimple, x, is
nilpotent, and x = x; + x,,.

(iii) If x, y, z € R, y semisimple, z nilpotent, [y, z] = 0,and x = y + z, then
y=x,andz = x,

(iv) If R is nilpotent and x € R is semisimple then x € C(R).

(V) If R is nilpotent {x,|x € R} is the unique maximal torus of R.

PROOF. Parts (i)(iii) are proved in Chapter V.7 of [2]. If x is semisimple
then x € (x?") for any n > 1. Since R is nilpotent, ad(x?") = (ad x)*" =0
for sufficiently large n. Hence ad x = 0, proving part (iv). Since {x,|x € R}
contains every semisimple element it must contain every torus of R. By (i)
and (iv) {x,|]x € R} is a torus, proving part (V).

(1.4) Assume that F is algebraically closed, that L is a finite-dimensional
simple Lie algebra over F, that H is a Cartan subalgebra of L, and that
L = H + Z rL, is the corresponding Cartan decomposition.

Identify L with the isomorphic subalgebra ad L of the restricted Lie
algebra Der L. Let H = (H)> C Der L. (Thus H is the F-span of (W'|lh €
H, n > 0}, where we write h”” for (ad h)*" JLletL=H + L.

LeMMA. (i) H is a Cartan subalgebra of L.
Gi) If L=H+ Z,ErL., is the Cartan decomposition of L with respect o H
then the map ¥ + 7| is a bijection of T onto T and Ly Ly forally € T.
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PROOF. Since [x, y?] = x(ad y)? and since H is the F-span of {h*"|h €
H, n > 0}, we see by induction on i that H' = H' for all i > 2. Hence H is
nilpotent. If x € L N Np(H) then [x, H] C H N L = H. Thus x € N, (H)
= H.Hence H = N,:(}-‘I— ), proving (). _

The map ¥ > | is clearly surjective, since for each y €T, H acts on L,
and hence L, C EYEF;,”_,Ly

IfyeT then there exists x € H such that ¥(x) # 0. Then ad x: L,, - Ly
is surjective so L, [x, [3] CI[L, L) C L. Thus L,cLy.

Now suppose ¥, €T and ¥|, = 4|, €T. Then L; ®(L”)* cL;, ®
(L;,)* (where V* denotes the contragredient module to V). Now H acts on
Ly, ® (Ly,)*. Moreover, the only weight is y|; — 7], = 0. Hence H acts as
a Lie algebra of nilpotent linear transformations on Ly, ®(Lg,)* By Engel’s
Theorem H also acts as a Lie algebra of nilpotent linear transformations on
L,—'” ® (Lg,)*. Thus the only weight of H on Ly, ® (L )*is 0. Since ¥ — 74
is a weight of H on L., ®(L,,)* we have ¥ = 17 Thus the map y > 7| is
bijective and hence L; = L .

_(15) In view of Lemma 1.4(ii) we may identify I T and T and write
L=H+ =, erL,. Let T denote the maximal torus of H and I denote the nil
radical of H.

LEMMA. Each y €T is linear on T + I.

PRrOOF. Since T is a torus each ¢ € T acts diagonally on each L, and hence
y is linear on T.

Ifthe H then by Lemma 1.3(ii) h = h, + h,. Then h?' = h?' + h?'for all i,
hence h?" = h?" for sufficiently large n. Now if y € L, then

0=y(ad h — y(h))" = y(ad , — y(h))"
for sufficiently large n. Hence y(h) = y(h,) for all A € H. Now Lemma 1.3

shows thatif h € T + I then h, € T, h, € I, and A, is a linear function of A.
Hence y(h) = y(h,) is a linear function of A.

(1.6) LeMMA. Let X be a subset of H and E = {y € T|y(X) # (0)}. If
E#QthnH =5 f[L,L_).

ProoF. This is a special case of (4.2) of [1]. (The hypothesis in (4.2) of [1]
that L is semirestricted can be dropped here, since we assume X C H.)

2. Statement of results. Our main result is

(2.1) THEOREM. Let L be a finite-dimensional simple Lie algebra over an
algebraically closed field F of characteristic p > 1. Let H be a Cartan subal-
gebra of L, H be the _restricted subalgebra of Der L generated by ad H, T be
the maximal torus of H, and I be the nil ideal of HThen H=T + I.
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(22) Let L = H + Z 1L, be the Cartan decomposition of L with respect
to H. By Lemma 1.5 each y €T is linear on T + I. By Theorem 2.1
H = T + I. Hence we have

COROLLARY. Each y € T is a linear function on H.

3. Action of H on L. _

(3.1) Let F, L, and H be as in Theorem 2.1 and assume H # T + I. We
will eventually derive a contradiction, thus proving Theorem 2.1.

We begin with an analysis of the structure of H modeled on §3.5 of [1].

LEMMA. If H % T + I then there exists b € H such that
MbeT+],

G)[b, H S T+ 1,

@) [6[H, H]] C I, _

(iv) [b, xP] € I for all x € H,

) b? € 1,and

(vi)[b, H] Z I

ProoFr. Since T is central and 7 is an ideal, 7 + I is a proper ideal of H.
Then H/(T + I) is a nonzero H-module. As H is nilpotent, there exists
bEH b T+, [, such that [b, HIC T+ 1Sinceb=b,+b,andb, €T
we see that b, € H, b, @ T + I. Thus we may assume that b = b, is nilpo-
tent. Now

[67, H] =[b, H](ad b)?'C (T + I)(ad b)?~'C I

so bPF + I is a nil ideal containing I. Thus by the maximality of I, b? € I.
Now,

[6[H H]]c[[bH]H] c[T+LH]CI
and
[b, x?] =[b,x](ad x)? '€ (T + I)(ad x)?~'C I
for all x € H. If [b, H] C I then [b, H] C I, and so bF + I is a nil ideal
containing /. This contradicts the maximality of 1, so [b, H] Z I.
(3.2) We continue to assume that L has Cartan decomposition L = H +
zvel‘Lv’

LEMMA. There exists y € T such that y((b, H]) # (0).

ProoF. If ¢ € T then [y, 1] = y(¢)y for all y € L,. Hence y(f) = 0 implies
[L,, ] =0and y(s) = 0for all y € T implies z € C(L) = (0).

Now if t € T, n € I then we have seen (in (1.5)) that y(¢ + n) = y(?).
Thus y(t + n) =0 for all y €T implies ¢ + n € I. Since, by Lemma 3.1
(vi), [b, H] € I, we have y([b, H]) # (0) for some y € T.



CARTAN SUBALGEBRAS OF SIMPLE LIE ALGEBRAS 439

(33)Let S = {(v, 8) € T X T|y(b[Ls, L_4]) # (0)}.

ProrosITION. Either

(3.0 (a,a) €S forsomea €T,
or
(332) for all Y €E€T,(y,y) & S but there exist a, 8 €T

with (a, B) € S and (B, a) € S.

PrOOF. By Lemma 3.2 there exist x € H and y € T such that y([b, x]) # 0.
Then by Lemma 1.6

H= 2 [Lv’ L—v]‘
yeT, y([b, x])#0
Now by Lemma 3.1(vi) we have [b, H] £ I. Thus there exists a € I such that
a([b, x]) # 0 and [b[L,, L_,]] Z I. Hence for some root 8, 8§ [b[L,, L_,]]) #
(0). Again by Lemma 1.6 we have

H= 2 [L/’ L—v]’
ver, y([blL,, L_,]1)%(0)

Since x € H and a([b, x]) # O there exists 8 € I such that B(b[L,, L_,]D
# (0) and a([b[Lg, L_]]) # (0). Thus either (3.3.1) or (3.3.2) holds.

(34)Fory ET define H, = {x € H|y(b, x]) = 0}. ByLemmalSH isa
subspace of H. By (iii) and (1v) of Lemma 3.1, H, is a restricted ideal of H If
H+# H fix an element ¢, € H with y([, ¢,]) = l

Let V bea fnmte-dlmensmnal irreducible restncted H-module. Then VI is a
submodule and, since I is nil, VI # V. Thus VI = (0). Assume that vt =
y(f)vforalv € V,t € T. Let V= {v € V|vb = 0}. Let {v,,...,v,} bea
basis for V. Let C = C,.

LeMMA. (i) For each k,0 < k < p — 1, the F-span of {v,c/|l < i< n,0<
J < k} is an H -subspace of V.
(i) {v,¢/|1 i< n,0< j< p—1} isa basis for V.

PrOOF. Since T N kery is an ideal of H of codimension 1 in T it is
sufficient to prove the result under the assumption dim T = 1. This is done in
§3.7 of [1].

(3.5) Fix a €T as in Lemma 3.3. For y € T define a bilinear form on
L X L_,by

(x,9) = a([b[x,y]]) forx€L,y€EL_,
In view of Lemma 3.1(iii) and the Jacobi identity we have
([x,h],y) = (x, [h,y]) forallx €L pYEL_,hE H.

-y
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If X is an ad H invariant subspace of L then X+ ={y€e€L_J|X,y)=
(0)} is an ad H invariant subspace of L_,. Define K_, = L;'- forally eT
and define n, = dim L,/K,.

Now if (a, a) € S and if for some i, 1 < i < p — 1, we have n,, # 0, then
(ia, ia) € S. Thus, replacing a by ia if necessary, we may assume that the
root a € T in (3.3.1) satisfies

35.1) n,>n, foralli,1<i<p-1

Similarly, if (3.3.2) holds and if ng,;, # 0 for some i, 0 < i < p — 1, then
we have (a, 8 + ia) € S and (B + ia, a) € S. Hence, replacing 8 by 8 + ia
if necessary, we may assume that the pair (a, 8) in (3.3.2) satisfies
(35.2) ng > ng;, forallii0<i<p-1

(3.6) We will complete the proof of Theorem 2.1 in the next two sections by
showing that either conclusion in Lemma 3.3 leads to a contradiction. In §4
we will show that if (3.3.1) holds then n,, + n;, > 2n,, contradicting (3.5.1),
and in §5 we will show that if (3.3.2) holds then ng,, + ng_, 3 2n,
contradicting (3.5.2).

4. Dimension arguments. I.
_(4.1) We continue to let F, L, and H be as in Theorem 2.1 and to assume
H # T + I. In addition, we assume that (3.3.1) holds. Our object is to show
that n,, + n;, > 2n,, thus contradicting (3.5.1). _
42)Let L, D N, D M, D K,, where K, is as in (3.5), N, and M, are ad H

invariant subspaces of L,, and N,/M, is an irreducible H-module (neces-

sarily restricted).
For X = M or N and for i = 2, 3 define
Xo={x€LyJx(d L)' C X,}
and

Xig = Xig + Kiy-
Then X, is an ad H submodule of L, and L, D N, 2 M, 2 K, for

i = 2, 3. By the Jacobi identity, [X,, X,] C X,, and [[X,, X,]X_] C X;,.
LeMMA. [X;', XM C Xz and [[X;, XM 1XGH € Xig.
Proor.
(X Xt ] Xan) € (XG5 Xat ] Xz0) + ([Xa o) Kaa)
= ([X.5 X' ] X2) € (X4 [ X X))
C (X5 [Low X3,]) € (X5 X, ) = (0)

so [X,;1, X;'] C X;L. The other result is similar.

[

(4.3) For v € L write oC for [v, ¢,]. Let V, = {v € N,|[v, b] € M,}. (Thus
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Vo/ M, = (N,/M,), in the notation of (3.4).) Choose v,,...,v, € N, so
that {v; + M,,...,v, + M,} is a basis for V,/M,. Define V,,, =V, +
ViCfor0L<i< p-—2. ThenbyLemma34each V,0<i< p—1,isan
ad 17; subspace of L,, N, = V,_,, and N,/M, has basis {0,C’ + M|l < i
<nl0<j< p-1}%L

Thus
43.1) [VoH]cV, for0<j<p—1
and, since H = ¢, F +
(432) [V, H] Viey for0<j<p—2.
Taking annihilators gives

L,2M! ViVt 2V, =NDK,

—_— = =

433 _
#33) [Vt H]cv* for0<j<p-1
and

43.4) [le,ﬁ]ng{, for1<j<p—-1

(4.4) Since H = ¢ F+ H,if x€ Ly, y € L_g we have [x,y]=c,u+h
for some u € F, h € H,. Then (x, y) = a((b[x, y]]) = u. Hence we have
4.4.1) [x,7] € c.(x,y) + H, forallx € Ly,y € L_,.

(4.5) Choose d; € M, for1 < i < n,0< j < p — 1,50 that
4.5.1) (0C*, dy) = §,8,.

Then V;* /N,.* has basis {d, + N}*|1 <i<nj<k<p-1}.
Let W denote the linear span of {t;C/|1 < i < n,1 <j < p — 1}. Define

Q: WA WS[W, W] C[N,, N,] C Ny,

by
(Wi Awp)® =[w, w,].
Define
v: WA W—>[[W, W]Na] g[[Na, Na]Na] CN,,
by

(Wi Aw)¥ =[[w;, w,]0,].

Let @: W A W — N,/ M,, denote the composition of ® with the canonical
epimorphism and ¥: W A W — N,,/ M, denote the composition of ¥ with
the canonical epimorphism.

(46)Letw € W A\ Wande,, e, € Vi*. Then by the Jacobi identity
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(w¥, [[erdn] &]) = ([w@ 0], [[erdn]. ]) =A+B+D+E

where

A=(wd, [o,[[endu] e]]) B=([[%® [endul] ] 01)

D= ([e,, [di, [w, ez]]], v,), E= ([[e,, [wd, e,]], du], v,).
Now

[on [[endul e]] €[ L[ M M IMA]] c[MH M) € ML

by Lemma 4.2. Thus 4 € (w®, M)
Since [w®, [e,, d,,]] € H we have

Be([H Vi) Vo) C (Vs Vo) =(0) by(434).

Similarly [d,,, [w®, e,]] € Hso D = 0.
Finally, since (by (4.4.1))

[en [WD, &,]] € (ess [w®, e;])c, + H,
and since
([Fa’ dy , Ul) c ([17«’ Vi) Vo) C (V5 Vo) = (0)
(by (4.3.3)), while

([Ca’ dn]» 01) = “(dw [ Cas 01]) =-(vCdy)=-1,

we have E = ((w®, ¢,}, e)).
LetJ = {(s,/,r,)) €EZI<r<s<p-1,1<ij<nandi<jifr=
s}. Then W A W has basis {,C" A v,C*((s,j, r, i) € J}. Order J
lexicographically. Then we have

(4.7) LEMMA. Let
G= ([(v,.,C" A 0,C*)®, dir]’ dj,.r+l)

where (s, j, r,i)and (s',j', v, i) €EJ. Then G = =1 if (s,j, r, i) = (s, j, r, i
and G = 0if (s,j, r, i) > (s, j, r', i').

PRrOOF. By the Jacobi identity
G= ([[v,.,C", vj,C"], dir]’ dj,s+|)

= ([[9C" 4} 5C ] dour) + ([0C7 [6C7 4] ] 4o )

Assume (s, j, r, i) > (s, ), r', i'). Since (by (4.3.1) [17,,, vJ»C" ]C V, and
[v,C", H,JC V, C V,,whiled,,,, € V;* C V;*, we see from (4.4.1) that

G = —(0C", d,)(5C"* dyy) + (6C 4, ) (0:C7* b yuy)-
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The first summand is — 1 if (s, /, r, {) = (¢, ', ¥, i’) and is zero otherwise. If
the second summand is nonzero then s+ 1l =r+1< s +1=r+1 so
r=s=r =5, But then j =/ <j =i <j, a contradiction. Thus the
second summand is zero, proving the lemma.

(4.8) LEMMA. ker @ N ker ¥ = (0).

PRrOOF. Suppose w € ker ® N ker V. Since w¥ = 0 we have w¥ € M,_, 5o
by Lemma 4.2, if ¢, e, € V', we have

(w¥, [[endu], €2]) € (Msq, M3z) = (0).

Also, since w® = 0 we have wd € M,,. Thus in (4.6) A € (M,,, M;2) = (0).
Thus

0=(w¥, [[edu] &]) = ([#D, &, &)
If w # 0 then
w=u(C" AgC )+ X W,
LeJ,I<(sy,r,i)
where 0 # u € F and where w, is a scalar multiple of the basis element

corresponding to / € J. But then Lemma 4.7 shows that 0 = [[w®, d,], d; ;]
= — y. This contradiction shows w = 0.

(4.9) CoroLLARY. dim N,,/M,, + dim N,,/M;, > 2(dim N,/ M,).

PROOF. Since, by Lemma 4.8, ® @ ¥ injects W A W into N,,/M,, &
Ni,/M,,, it is sufficient to show that dim W A W > 2(dim N,/M,). Now
we have dim N,/M, = np (by (4.3)) and dim W = n(p — 3). Hence the
corollary holds if n(p — 3)(n(p — 3) — 1)/2 > 2np or, equivalently, if
n(p — 3)> > 5p — 3. Since p > 7 this is valid for alln > 1.

(4.10) COROLLARY. ny, + ny, > 2n,.

Proor. Apply Corollary 4.9 to each quotient in a composition series from
K, toL,.

5. Dimension arguments. II.
_(5.1) We continue to let F, L, and H be as in Theorem 2.1 and to assume
H # T + I. In addition, we assume that (3.3.2) holds. Our object is to show
that ng, , + ng_, > 2ng, contradicting (3.5.2).

(5-2) If v € Lg write oC = [v, cg]. Let

Lp=m2 VV,-lQ"'leQWo=Kp,

where each W, is a H-submodule of Lg and each W, /W, is an irreducible
H-module. Let W, = {w € W|[b,w] € W,_,} for 1 <i<tand W,;,, =
W+ W,;C for 0 < j < p— 2. Then by Lemma 3.4 we have a chain of
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ad }_I; invariant subspaces:

W,=W,,_,2W,,_32++ 2 W, ;2 W2 W,_,
Furthermore, if {v,; + W,_,|1 < j < n;} is a basis for W, o/W 1» then

{0,CF+ W, 1< j<n,0< k< p-1}

is a basis for W,/ W,_,, so that

{o,C*+ K1 <i<1,1<j<m0<k<p—1}
is a basis for L/ Kp. Thus, if n = > ;=1M» We have ng = pn. Finally, again by
Lemma 3.4, we have

[W. Hp| € W, foralliy .
For1<i<t1<,j<n0< k< p-Ichoosed,;, € L_gsothat
(0.5CY, duk) 883 Org-

(5.3) LEMMA. There exist elements w,, ..., w, € L, and u, ..., u, € L_,
such that

and, hence,
[w ] € 8¢5 + Hp.
ProOF. Let Q, = {x € L |B(b[x, L_,]) = (0)}. Then Q, is an H- -
submodule of L,. Applying Lemma 3.4 to an irreducible submodule of L,/ Q,
(which is nonzero since (8, ) € S) gives the result.
(5.4) Let J’ denote {(r,i,/, k)1 < r< p,1<i<,1<j<n,0<k<
—1}andJ = {(r,i,j, k) EJ'|k #p — 1}.

LEMMA. The np? by np* matrix

(([ [w, #,10,C*] dr e ))(r,i,,‘,k),(r’,m”.k‘)EJ'
has rank > n(p — 1)p.

Proor. It is sufficient to show that the rows corresponding to (7, i, j, k) €
J are linearly independent. Thus assume that for each (r, i, j, k) € J we have

a,;;x € Fsuch that

0=3au([[ % 4]0y C"] i)

forall (7, ¢, ), k) € J'. We must show thatallg,;;, = 0.

Assume that 1< ¢<? and 0< u < p—2 and that a,;;, =0 for all
(r,i,j, k) € J wjth i > q or i = q and k > u. (This condition is vacuous if
q=t,u=p—2) We will show a,_;, =0 for all r and j and, hence, by

oM
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induction thata,;;, = O for all (r, i, j, k) € J.
We have, forall 7,1 < ¥ < p,andallj, 1 < j < n,

0 zaruk([[ ]D Ck]’ dqi,u+l)'
Sincea,;;, = 0ifi > g and

([[Wr! ur’]oi,ick]’ dqj’,u+l) € (I’V,, dqj',u+1) = (0)

if i < g, we have
0= 2 Wk([[ ] ]’ qJ" u+l)

Since, by (5.2) and (5.3),
[[w, ], ,C*] €[8,¢8 v,,C¥] +[1—fﬁ, qu] C —8,0,CK* + Wy,
and since, by the induction assumption, a, ,;, = 0if k > u, we have
0=- %ar’,qj,u(vqjcu+l’ dq,j',u+|) = T giw
as required.
(5.5) Letx, € L,, x5 € Ly, y, € L_,,andyg € L_j. Then
([xar %g] [ ¥6]) + ([ %p Yes [ %25 7))
= ([[x0 %e1a]:78) + (oo [ [ %0 %5]35])
+ ([[%p Ya)®a ] ¥8) + (%0 [[ X85 Ya)¥8])
= ([ [ %617a]-78) + ([[*gYal%a]- 75) ~(since (e, @) & S)
= ([0 7al%s]s 7).
Now

Ngio = dlm(Lp+a/Kﬁ+a) > rank( ] ya’yﬂ])
where x,, X3, ¥,, ¥ TUn over subsets of the appropriate L’s. A similar remark
holds for n,_ . Also, if 4 and B are matrices then
rank 4 + rank B > rank(4 + B).
Then setting x, = w,, ¥, = %, Xg = C and yg = d, .4, Where (r, i, j, k)
and (¥, i,j, k') € J', we see from Lemma 54 that ng,, + ng_, > n(p —
1)p. Since p — 1 > 2 we have ng,,, + ng_, > 2np = 2ny, as required.
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