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CARTAN SUBALGEBRAS OF SIMPLE LIE ALGEBRAS(')
BY

ROBERT LEE WILSON

Abstract. Let L be a finite-dimensional simple Lie algebra over an

algebraically closed field of characteristic p > 7. Let H be a Cartan subal-

gebra of L, let L = H_+ 2rer^r De the Cartan decomposition of L with

respect to H, and let H be the restricted subalgebra of Der L generated by

ad H. Let JT denote the maximal torus of H and / denote the nil radical of

H. Then H = T + I. Consequently, each y 6 T is a linear function on H.

Let £ be a finite-dimensional simple Lie algebra over an algebraically

closed field £. Let H be a Cartan subalgebra of £ and let L = H + '2yerLy

be the Cartan decomposition of £ with respect to H. The main results on the

structure of 77, that H is abelian and that ad h is semisimple for each h £ H,

which hold when £ is of characteristic zero are known [3, Satz 12] to fail

when £ is of prime characteristic. The resulting lack of information about the

structure of H has been a severe handicap in the development of structure

and classification theory for finite-dimensional simple Lie algebras of prime

characteristic.

In this paper we assume that £ is of characteristic p > 7 and investigate the

structure of H, the restricted subalgebra of Der £ generated by ad H. Our

main result (Theorem 2.1) is that H = T + I where £ is the maximal torus of

H and I is the nil radical of H. (See §1 for definitions.) An immediate

consequence (Corollary 2.2) is that each y E Y is a linear function on 77.

(Although in characteristic zero this is a trivial consequence of Lie's Theorem,

the result is new in prime characteristic.)

This type of result was first proved by Schue [1] under the additional

hypotheses that dim £ = 1 and that every proper subalgebra of £ is solvable.

Our proof begins with Schue's observation that_if H =£ T + I then there

exists bEH,b$T+ I such that bp £ 7 and [b, H] C T + I. We then let

S = {(y, o) £ T X Y\y([b[Ls, £■_,]]) *(0)}.

Using Schue's techniques we show (§3) that there exist a, ß EY with (a, ß)

E S and (ß, a) E S. The argument then divides into two cases depending on
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whether or not there exists y ET with (y, y) E S. We consider these two

cases separately (§§4 and 5), showing that either one leads to a contradiction.

These results have been announced in [4].

1. Preliminaries.

(1.1) If K D L are Lie algebras let NK(L) denote the normalizer of L in K

and let C(K) denote the center of K.

Let R he a restricted Lie algebra over a field F of characteristic p > 0. If X

is a subset of R let {X) denote the restricted subalgebra of R generated by X.

If A' is a subalgebra then {X} is clearly the F-span of {xp'\x E X,i > 0}.

(1.2) Following [2, Chapter V.7] or [1, § 1] we say that x E R is semisimple if

x E (xp} and that x E R is nilpotent if xp" = 0 for some n. See also [5].

An ideal J Q Ris said to be nil if every x EJ is nilpotent. It is easily seen

that a finite-dimensional restricted Lie algebra R contains a nil ideal 7 which

contains every nil ideal. We call 7 the nil radical of R. An abelian subalgebra

T Q Ris called a torus if every element of T is semisimple.

(1.3) Proposition. Let R be a finite-dimensional restricted Lie algebra over a

perfect field F. Then:
(i) If x,y E R are nilpotent (respectively, semisimple) and [x,y] = 0 then

every element of({x,y)/ is nilpotent (respectively, semisimple).

(ii) If x E R then there exist xs, x„ E <x> such that x, is semisimple, xn is

nilpotent, and x = xs + x„.

(iii) If x,y,z E R,y semisimple, z nilpotent, [y, z] = 0, and x = y + z, then

y = xs andz = xn.

(iv) If R is nilpotent and x E Ris semisimple then x E C(R).

(y) IfR is nilpotent {xs\x E R) is the unique maximal torus of R.

Proof. Parts (iHüi) are proved in Chapter V.7 of [2]. If x is semisimple

then x E (xp"/ for any n > I. Since R is nilpotent, adí*'") = (ad x)f" = 0

for sufficiently large «. Hence ad x = 0, proving part (iv). Since {xs\x ER}

contains every semisimple element it must contain every torus of R. By (i)

and (iv) {xt\x E R } is a torus, proving part (v).

(1.4) Assume that F is algebraically closed, that L is a finite-dimensional

simple Lie algebra over F, that 77 is a Cartan subalgebra of L, and that

L = H + Sygr^v is the corresponding Cartan decomposition.

Identify L with the isomorphic subalgebra _ad L of the restricted Lie

algebra Der L. Let 77 = <7/> Ç Der L. (Thus H is the /"-span of (hp"\h E

H,n> 0), where we write hp" for (ad hy\) Let L = H + L.

Lemma, (i) H is a Cartan subalgebra of L.

(ii) If L = H + 2yef7*9 is the Cartan decomposition of L with respect to H

then the map y (-> y\H is a bijection ofT onto T and L- = ^Hfor all y ET.



CARTAN SUBALGEBRAS OF SIMPLE LIE ALGEBRAS 437

Proof. Since [x,yp] = x(adyY and since H is the £-span of {hp"\h_E

H, n > 0), we see by induction on / that H' = H' for all / > 2. Hence H is

impotent. If x_E L n Nj;(H) then [x, H] C H n £ = H. Thus x £ NL(H)

= 7/. Hence H = N¿(H), proving (i).

The map y h» y|# is clearly surjective, since for each y EY, H acts on £y

and hence Ly Q ~Zyef<y\H^yLf.

If y £ T then_there exists x E_H_ such that y(x) # 0. Then ad x: Ly -> Ly

is surjective so L¡ = [*, jy Ç [L, L] Ç £. Thus £^ Ç £^.

Now suppose y, fj £ f and y\H = j\\H EY. Then £- ® (£^)* Ç £-|h ®

(£fl„)* (where V* denotes the contragredient module to V). Now H acts on

£y|H ® (Afl„)*- Moreover, the only weight is y\H — rj\H = 0. Hence H acts as

a Lie algebra of nilpotent linear transformations on £?|// ® (Af|„)*- By Engel's

Theorem H also acts as a Lie algebra of_nilpotent linear transformations on

L¡\h ® (£^|„)*. Thus the only_weight of // on L-^ ® (^J* is 0. Since y - tj

is a weight of 77 on_Lj ® (7^)* we have y = rj. Thus the map y \->y\H is

bijective and hence L= ■» La .

_(1.5)_In view of Lemma 1.4(H) we may identify_T and T and write

L = H + 2yer£y. Let £ denote the maximal torus of H and I denote the nil

radical of H.

Lemma. Each y EY is linear on T + I.

Proof. Since £ is a torus each t £ £ acts diagonally on each L^ and hence

y is linearon T.
If A £ 77 then by Lemma 1.3(h) h = hs + hn. Then hp' = A/' + hp' for all i,

hence hp" = hf" for sufficiently large n. Now if y £ £,, then

0 = y(ad h - y(h))p°=y(ad hs - y(h))p"

for sufficiently large n. Hence y(A) = y(hs) for all h E H. Now Lemma 1.3

shows that if h £ £ + 7 then hs ET,hnE I, and h, is a linear function of h.

Hence y(h) = y(hs) is a linear function of h.

(1.6) Lemma. Let X be a subset of H and E = {y E I^yí*) ^ (0)}. 7/

E^0thenH = 2yeE[L,, L_y].

Proof. This is a special case of (4.2) of [1]. (The hypothesis in (4.2) of [1]

that £ is semirestricted can be dropped here, since we assume X Q H.)

2. Statement of results. Our main result is

(2.1) Theorem. Let L be a finite-dimensional simple Lie algebra over an

algebraically jdosed field F of characteristic p > 7. Let H be a Cartan subal-

gebra of L, H be the Restricted subalgebra of Der £ generated by ad 77, £ be

the maximal torus of H, and I be the nil ideal of H. Then H = T + I.
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(2.2) Let L = H + 2YerLy be the Cartan decomposition of L with respect

to H. By Lemma 1.5 each y ET is linear on T + I. By Theorem 2.1

H = T + I. Hence we have

Corollary. Each y ET is a linear function on H.

3. Action of H on L.

(3.1) Let F, L, and H be as in Theorem 2.1 and assume H i= T + I. We

will eventually derive a contradiction, thus proving Theorem 2.1.

We begin with an analysis of the structure of H modeled on §3.5 of [1].

Lemma. If H =£ T + I then there exists b G 77 such that

(i)b$T+I,

(ii) [b, H]QT+I,
(iii) [b[H, H]] CI,

(iv)[b,xp]ElforallxEH,

(v) bp E I, and

(vi) [b, H] g 7.

Proof. Since T is central and 7_is an ideal, T + I is a proper ideal of 77.

Then_H/(T + 7) is a nonzero 7/-module. As 77 is nilpotent, there exists

bEH,b$T + T^uch that [b, H]CT+ I. Since b = bs + bn and bs E T
we see that b„ E H,bn& T + I. Thus we may assume that b = b„ is nilpo-

tent. Now

[b",H] =[b,H)(adb)p~xE(T+ I)(adb)p~xCl

so bpF + I is a nil ideal containing 7. Thus by the maximality of 7, bp G 7.

Now,

[6[77,7?]] ç[[b,H]H] c[T+I,H] Q I

and

[b,xp] =[6,x](adx)''~1G(7,-l-7)(adx)''~Ic:7

for all xEH.lf [b, 77] C I then [b, 77] Ç 7, and so bF + I is a nil ideal
containing 7. This contradicts the maximality of 7, so [b, 77] g 7.

(3.2) We continue to assume that L has Cartan decomposition L = H +

2Yer^v

Lemma. There exists y ET such that y([b, H]) ^ (0).

Proof, lit ET then [ v, /] = y(t) y for all v G Lr;_Hence y(/) = 0 implies

[Ly, /] = 0 and y(/) = 0 for all y E T implies / G C(L) = (0).
Now ii t E T,n E I then we have seen (in (1.5)) that y(/ + n) = y(t).

Thus y(t + ri) = 0 for all y G T implies t + n E I. Since, by Lemma 3.1

(vi), [b, H] g 7, we have y([ô, #]) 7*= (0) for some y ET.
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(3.3) Let S - {(y, 5) E T X Y\y(\b[Ls, L_s]]) ¥= (0)}.

Proposition. Either

(3.3.1) (a, a)E S   for some aEY,

or

for   ail   y E T, (y, y) £ S   but   there   exist   a, ß E Y

{332)    with (a, ß)ES and (ß,a)E S.

Proof. By Lemma 3.2 there exist x E H and y EY such that y([b, *]) ¥= 0.

Then by Lemma 1.6

77= 2 [L\>L-yl
yer,y([b,x])*0

Now by Lemma 3.1(vi) we have [b, H] g 7. Thus there exists a £ Y such that

a([b, x]) ^ o and [b[La, £_„]] g 7. Hence for some root 5, 8([b[La, £_„]]) ^

(0). Again by Lemma 1.6 we have

77= 2 [Ly'L-y]-
yer)Y([i'[i<„L-J])^(0)

Since x £ 7/ and a([b, x])¥^0 there exists ß EY such that /?([6[£a, ¿-„ID

*= (0) and a([¿[£^, £_^]])^= (0). Thusjither (3.3.1) or (3.3.2) holds.

(3.4) For y_£ Y define Hy = {x E H\y([b, x]±= 0). By Lemma 1.5 Ti^js a

subspace of H. By (iii) and (iv) of Lemma 3.1, 77y is a restricted ideal of H. If

H =£ Hy fix an element cyE H with y([Z?, cy]) = 1.

Let F be a finite-dimensional irreducible restricted 77-module. Then VI is a

submodule and, since 7 is nil, K7 ¥= V. Thus K7 - (0). Assume that vt =

y(r)t> for all v E V, t £ £. Let V0= {vE V\vb = 0). Let {t>„ ..., v„) be a

basis for K0. Let C = Cr

Lemma. (i)_£or each k,0 < k < p - I, the F-span of {u.c^ll < i < n,0 <

j < k) is an Hy-subspace of V.

(ii) {ü,ty|l < /' < n, 0 < j < p - 1} isa basis for V.

Proof. Since £ n ker y is an ideal of 77 of codimension 1 in £ it is

sufficient to prove the result under the assumption dim £ = 1. This is done in

§3.7 of [1].
(3.5) Fix a £ T as in Lemma 3.3. For y £ Y define a bilinear form on

Ly X L_yby

(x,y) = a([b[x,y]])   for x E £,,>- £ L_y.

In view of Lemma 3.1(iii) and the Jacobi identity we have

{[x,h],y) = (x, [h,y])   for all x E Ly,y E L_y,hE H.
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If X is an ad H invariant subspace of Ly then Xx = {y E L_y\(X,y) =

(0)} is an ad H invariant subspace of L_y. Define K_y = Lf for all y G T

and define ny = dim Ly/Ky.

Now if (a, a) G S and if for some /', 1 < / < p - 1, we have nia ^ 0, then

(ia, ia) E S. Thus, replacing a by ia if necessary, we may assume that the

root a E T in (3.3.1) satisfies

(3.5.1) na > nia   for all /, 1 < i < p - 1.

Similarly, if (3.3.2) holds and if nß+ia ¥= 0 for some /, 0 < / < p — 1, then

we have (a, ß + ia) E S and (ß + ia, a) G S. Hence, replacing ß by ß + ia

if necessary, we may assume that the pair (a, ß) in (3.3.2) satisfies

(3.5.2) nß > nß+ia   for all /, 0 < / < p - 1.

(3.6) We will complete the proof of Theorem 2.1 in the next two sections by

showing that either conclusion in Lemma 3.3 leads to a contradiction. In §4

we will show that if (3.3.1) holds then n2a + n3a > 2na, contradicting (3.5.1),

and in §5 we will show that if (3.3.2) holds then nß+a + nß_a > 2nß,

contradicting (3.5.2).

4. Dimension arguments. I.

(4.1) We continue to let F, L, and H be as in Theorem 2.1 and to assume

77 ¥= T + I. In addition, we assume that (3.3.1) holds. Our object is to show

that «2a + n3a > 2na, thus contradicting (3.5.1).

(4.2) Let LaD NaD MaD Ka, where Ka is as in (3.5), Naand Ma are ad H

invariant subspaces of La, and Na/Ma is an irreducible 7/-module (neces-

sarily restricted).
For X = M or N and for / = 2, 3 define

*,; = {* G L^adL^y-'ç:*,,}

and

Then Xia is an ad 77 submodule of Lia and Lia D Nia D Mia D K^, for

i = 2, 3. By the Jacobi identity, [Xa, Xa] ç *2a and [[Xtt, Xa]Xa] Q X3a.

Lemma. [Xa\ X¿] C X2\ and[[Xx, Xj-^J-] C X¿.

Proof.

i[Xa\ XJ-], X2a) C i[Xa\ XJ-], Xif) + i[Xa\ XJ-], K2a)

= (W, a-/], *y Ç iXa\ [Xa\ X2a])

Q{Xa\[L_a,X!la])QiXa\Xa) = iO)

so [Xj-, Xx] C X£. The other result is similar.

(4.3) Forc£L write vCfor [v, ca]. Let V0= {vE Na\[v, b] G Ma). (Thus
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Vn/Ma = (Na/Ma)n in the notation of (3.4).) Choose vx,...,vnENa so

that {vx + Ma,...,v„ + Ma) is a basis for V0/Ma. Define Vi+X = V¡ +

V¡CJot 0 < i < p - 2. Then by Lemma 3.4 each V¡, 0 < i < p - I, is an

ad Ha subspace of La, Na = Vp_x, and Na/Ma has basis {v¡CJ + Ma\l < i

< n,0<j < p- I).

Thus

(4.3.1) [ Vj, Ha] QVj   for 0 < j < p - 1

and, since H = caF + Ha,

(4.3.2) [ Vj, H] QVj+x   for 0 < j < p - 2.

Taking annihilators gives

£_„ 2 MJ- D V¿ D K,x D • • • D V¿t = NJ- D K_a,

(4.3.3) r -,
[F/,77a]çF/   forO<y<p-l

and

(4.3.4) [ Vj\ 77] CVjix   for 1 < y < p - 1.

(4.4) Since H = c„£_+ 77a, if x E Lß,y E L_ß we have [x,y] = cau + h

for some u E F,h £ Ha. Then (x,y) = a([6[x,y]]) = u. Hence we have

(4.4.1) [x,y] E c0(x, v) + Ha   for all x £ Lß,y E L_ß.

(4.5) Choose dy E M^ for 1 < i < n, 0 < 7 < p - 1, so that

(4.5.1) (orCí)í7,) = 5,r6}í-

Then Vj±/Na± has basis {<7lVt + A/ax|l < / < n,j < k < p - 1).

Let Wdenote the linear span of {v¡CJ\l < i < «, 1 <j<p — I). Define

$: w/\ W^[ W, W] C[Na, Na] C N^

by

KA^ =[w„vv2].

Define

*: ^A ^-»[[«/ w]Na] Q[[Na,Na]Na] C N3a

by

(wxAw2)*=[[wx,w2]vx].

Let 0: H//\ W^>_N2a/M2a denote the composition of $ with the canonical

epimorphism and *: W /\ W-» N3a/M3a denote the composition of ^ with

the canonical epimorphism.

(4.6) Let w £ W /\W and e„ e?2 E F,-1. Then by the Jacobi identity
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(w% [[ex, dxx], e2]) = ([h*ï>, vx], [[ex, dxl], e2}) = A + B + D + E

where

A = (h>$, [vx, [[<?„ dxx], e2]]),    B = ([[w$, [ex, dxx]], e2], vx),

D = ([ex, [dw [w$, e2]]], vx),    E = ([[ex, [w$, e2]}, dxx], vx).

Now

[vx, [[ex,dxx],e2]] G[La[[A7/,A7/]A7/]] ç[Ma\ M/] Ç A7¿

by Lemma 4.2. Thus A E(w$, A7¿).

Since [vv$, [ex, dxx]] G H we have

5 G ([ J7, Fx], F0) ç (F0\ K0) = (0)   by (4.3.4).

Similarly [</,„ [w$, <?2]] E HsoD = 0.

Finally, since (by (4.4.1))

[e„ [w<D, e2]] E (e„ [w$, e2])ca + Ha,

and since

([tf.,*/,,],«,) Ç ([77a, K0X], F0) Ç (IV, F0) = (0)

(by (4.3.3)), while

i[ca,dxx],vx)= -(</,„ [ca,ü,])= -(ü,C, </,,)= -1,

we have £ = ([w<ï>, e2], ̂ i)-

Let J = {(5,/, r, /) G Z4|l < r < s < p - 1, 1 < /,/ < n, and i <j ii r =

s). Then WA^ has basis {v^ /\VjCs\(s,j, r, i) E J). Order 7

lexicographically. Then we have

(4.7) Lemma. Let

C-([«A»/C^,44,+1)

wflere (j,/, r, i) and (s',f, r', i') G J. Then G = -1 //(*,/, r, /) = is',/, r', i')

andG = 0ijisj, r, i) > (•,/, r', /').

Proof. By the Jacobi identity

G = ([[vi,c,v/a'],dir],dj<s+x)

= ([[vrC,d„],Vj.C'],dj,s+l) + ([vrC, [vj.C,^]],^^).

Assume_(s,j, r, i) > (s',f, r', i'). Since (by (4.3.1)) [77a, vfCs] Ç Vs. and

[v,Cft 77J £ V, Q Vs., while dJtS+x E Vf Q Vf, we see from (4.4.1) that

G = -iv,C, dir)(vfC+x, dJ<s+x) + (vfC, dir){vfC'+x, dj,+x).
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The first summand is -1 if (s,j, r, i) = (s',f, r', /') and is zero otherwise. If

the second summand is nonzero then j+l = r'+l<s'+l = r+l so

r = s = r' = s'. But then j = /' < / = / < j, a contradiction. Thus the

second summand is zero, proving the lemma.

(4.8) Lemma, ker $ n ker ¥ = (0).

Proof. Suppose w E ker 3> n ker ^. Since wty = 0 we have wty E M3a, so

by Lemma 4.2, if «?,, e2 EE K,1, we have

(w%[[ex,dxx],e2])E(M3a,M¿) = (0).

Also, since w$ = 0 we have w$ E M2a. Thus in (4.6) A £ (M2a, M£) = (0).

Thus

0 = (w% [[ex, dlx], e2]) = ([w<D, e2], ex).

If w ¥= 0 then

w = u(v¡Cr AvjCs)+        2       w/>
1 BJ,K(sJ,r,i)

where 0 =£ u E F and where w, is a scalar multiple of the basis element

corresponding to / E J. But then Lemma 4.7 shows that 0 = [[w$, dir], 4>+i]

= — u. This contradiction shows w = 0.

(4.9) Corollary, dim N2a/M2a + dim N3a/M3a > 2(dim Na/Ma).

Proof. Since, by Lemma 4.8, $ © ^ injects W /\W into N2a/M2a ©

N3a/M3a, it is sufficient to show that dim W /\W > 2(dim Na/Ma). Now

we have dim Na/Ma — np (by (4.3)) and dim W = n(p - 3). Hence the

corollary holds if n(p - 3)(n(p — 3) - l)/2 > 2«p or, equivalently, if

n(p - 3)2 > 5p - 3. Sincep > 7 this is valid for all n > 1.

(4.10) Corollary. «2a + /i3a > 2na.

Proof. Apply Corollary 4.9 to each quotient in a composition series from

KatoLa.

5. Dimension arguments. II.

_(5.1) We continue to let £, L, and 77 be as in Theorem 2.1 and to assume

77 =£ T + I. In addition, we assume that (3.3.2) holds. Our object is to show

that nß+a + nß_a > 2nß, contradicting (3.5.2).

(5.2) If v £ Lß write vC = [v, cß]. Let

Lß - Wt 2 Wt.x 2 • • • 2 Wx 2 W0 - Kß,

where each W¡ is a 77-submodule of Lß and each Wi+X/W¡ is an irreducible

77-module. Let WIJ0 = {w £ H/|[£, w] e »/._,} for 1 < / < / and H/v+1 =

W¡j + W¡jC for 0 < j < p - 2. Then by Lemma 3.4 we have a chain of
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ad Hß invariant subspaces:

Wt = Wiip_x D Wif_2 D---DW,XD Wlfi D W,.v

Furthermore, if {vtJ + W¡_x\l < j < «,} is a basis for W¡0/W¡_x, then

{ViJCk + W^IK j < n„0 < k < p - 1}

is a basis for WJ W¡_ „ so that

{v¡jCk + Kß\l < i < t, 1 < j < n¡, 0 < k < p - 1}

is a basis for Lß/Kß. Thus, if « = 2,-_ !«,» we have nß = pn. Finally, again by

Lemma 3.4, we have

[W^H^QWy   for all/,/.

For 1 < /' < /, 1 < / < n¡, 0 < k < p - 1 choose diJJc G L_ß so that

(v^C",diJk) = 8ir8JS8kr

(5.3) Lemma. There exist elements wx,..., wp G La and ux,..., up G L_a

ímcA /«a/

^([6K^]])-fitf

a«i/, hence,

[hj. m,] G 5^ + 77^,.

Proof. Let ßa = {^ G Lj/3a^»-í--JD = (0)}. Then ß, is an 77-
submodule of La. Applying Lemma 3.4 to an irreducible submodule of La/Qa

(which is nonzero since {ß,a)E S) gives the result.

(5.4) Let /' denote {(r, /',/, k)\l < r < p, I < i < t, I < j < n¡,0 < k <

p - 1} and/ = {(r, i,j, k) E J'\k * p - 1}.

Lemma. The np2 by np2 matrix

has rank > nip — T)p.

Proof. It is sufficient to show that the rows corresponding to (r, /,/, k) G

J are linearly independent. Thus assume that for each (r, /,/, k) G J we have

ar,ij,k G F such that

0 = 2 <W*([ [ *V» "rhjCk]> d,v,k- )

for all (/, /',/, A:0 G /'. We must show that all a,JJik ■ 0.

Assume that 1 < q < t and 0 < u < p - 2 and that ariJJc = 0 for all

(r, /,/, k) EJ wjth i > q or i = q and A: > w. (This condition is vacuous if

q = t, u = p - 2.) We will show ar?i/„ = 0 for all r and / and, hence, by
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induction that ar4Jk = 0 for all (r, i,j, k) £ £

We have, for all r', 1 < r' < p, and allf, 1 < / < nq,

Sincet7rii/jt = 0if / > q and

([[w„ u,]vuCk], dq/<u+x) E (W„ dq/M+x) = (0)

if i < q, we have

0=2 <W([ K' Ur>]VqjCk]> V.«+l )'

Since, by (5.2) and (5.3),

[[wr, u,]vqJCk] E[8rycß,vqJCk] +[Hß, Wq¿] Ç -ôry«,,C*+l + Wq¿

and since, by the induction assumption, arqJk = 0 if k > u, we have

0 = - 2^,?1/,u(»,l/Cu+1> <*,/.„+1) = -a/,,/.«»

as required.

(5.5) Let xa £ La, xß E £^,y„ E £_a, andy^ E £_j8. Then

■ ([[*«-xß\y«\yß)+ ([[ w«]*«]-^) (since(«>°0 * 5)

= ([[^-C«]^].^)-

Now

«/?+« = dim(£/3+a/£^+0 ) > rank([>a, *„], [ya,yß])

where x0, xß,ya,yß run over subsets of the appropriate L's. A similar remark

holds for nß_a. Also, if A and B are matrices then

rank/4 + rank B > Tank(A + B).

Then setting xa = wr,ya = u„ xß = v¡jCk, and y¿ = diVX, where (r, /J, A:)

and (r', i',f, k') E J', we see from Lemma 5.4 that nß+a + nß_a > n(p -

I)p. Since p — 1 > 2 we have nß+a + nß_a > 2np = 2nß, as required.
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